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Abstract
In this paper we prove that for a prime p5 and n2, if p h(Q(p), then Gpn(Q) is not
a subgroup of K2(Q), which partially veriﬁes a conjecture of J. Browkin.
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1. Introduction
Let F be a ﬁeld. The torsion subgroup of K2F is of special interest in the study
of K2F . A well-known result in this direction is: if F contains a primitive nth root
of unity n, then every n-torsion element is of the form {n, x}, where x ∈ F ∗. This
celebrated result is proved by Tate [6] for global ﬁelds and by Merkurjev and Suslin [2]
in general case. Let n(x) be the nth cyclotomic polynomial. Browkin [1] studied the
elements of the form {a,n(a)}. It is easy to check that {a,n(a)}n = 1 if a,n(a) ∈
F ∗. For any ﬁeld F, let Gn(F) = {{x,n(x)}|x, n(x) ∈ F ∗} ⊆ K2F . Browkin proved
E-mail address: zhuqunsheng@njnu.edu.cn (Q. Zhu).
0022-314X/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2004.09.008
202 Q. Zhu / Journal of Number Theory 113 (2005) 201–207
in [1] that for every ﬁeld F with char(F ) = 2, if n = 1, 2, 3, 4, 6, then Gn(F) is a
subgroup of K2F . He conjectured the above result does not hold for any other values
of n (and all ﬁelds). Qin proved neither G5(Q) nor G7(Q) is a subgroup of K2Q [4]
and G2n(Q) is a subgroup ⇔ n2 [5]. Xu and Qin [9] proved that if n2, then
G2n3m(Q) is a subgroup ⇔ n = 2,m = 0. For Gpn(Q), they proved none of G25(Q),
G49(Q) and G27(Q) is a subgroup. Note that G3(Q) = 3K2Q [1] and Urbanowicz
[8] proved that G3(F ) = 3K2F holds for any ﬁeld F, which is also conjectured by
Browkin [1], where 3K2F is a subgroup of K2F consisting of all elements of order 3
in K2F . In this paper we prove the following theorem:
Theorem. Suppose p5 is a prime. If p hp, then for n2, Gpn(Q) is not a subgroup
of K2Q, where hp denotes the class number of the ﬁeld Q(p) and p is a primitive
pth root of unity.
2. Some lemmas
We ﬁrst recall some useful results which are needed in the next section.
Lemma 2.1 (Qin [4, Lemma 2.1]). Let p be a prime, and let p(x, y) = yp−1p(xy ).
Suppose that x, y ∈ Z with (x, y) = 1.
(1) If x ≡ y (mod p), then p p(x, y);
(2) If x ≡ y (mod p), then p ‖ p(x, y).
Lemma 2.2 (Washington [7, Theorem 5.36]). Assume p is a regular prime and let 
be a unit of Q(p). If  is congruent to a rational integer mod p, then  is the pth
power of a unit of Q(p).
Lemma 2.3 (Washington [7, Lemma 1.8]). Let  ∈ Z[p]. Then p is congruent mod p
to a rational integer.
Lemma 2.4 (Washington [7, Lemma 2.9]). Suppose prime l  n and a ∈ Z. Then l |
n(a) ⇔ the multiplicative order of a mod l is n.
Lemma 2.5 (Washington [7, Lemma 2.10]). Suppose prime l  n. Then l divides n(a)
for some a ∈ Z⇔ l ≡ 1 (mod n).
3. The proof of the theorem
Throughout this section, pn denotes a primitive pnth root of unity. For a prime l,
vl is the discrete valuation on Q corresponding to l. For x, y ∈ Z, pn(x, y) denotes
yp
n−pn−1 · pn( xy ).
The following two lemmas reduce the proof of theorem to the solvability of some
Diophantine equations.
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Lemma 3.1. Let q be a prime with q ≡ 1 (mod pn). If for some a ∈ Z, q2 | pn(a),
then q ‖ pn(a + q).
Proof. Since q ≡ 1 (mod pn), q splits completely in Q(pn). We have pn(a) =∏pn
i=1,(i,p)=1(a − ipn). If i = j , there are no common factors for ideals (a − ipn) and
(a − jpn) except for (1 − pn). Since q2 | pn(a), there exists a prime factor q of q
such that q2 | (a − pn). It follows that q | (a + q − pn). If q2 | (a + q − pn), then
q2 | q, which is impossible since q is unramiﬁed in Q(pn). So q ‖ (a+ q − pn), i.e.,
q ‖ pn(a + q). 
Lemma 3.2. Let p be an odd prime and n2. Choose a prime q, q ≡ 1 (mod pn).
If Gpn(Q) is a subgroup of K2(Q), then at least one of the following Diophantine
equations has solution a, b, z ∈ Z with that (a, b) = 1 and p  z :
p(ap, bp) = qp · zp, (3.1)
p(ap, bp) = p · qp · zp. (3.2)
Proof. Since q ≡ 1 (mod pn), from Lemma 2.5, there exists a0 ∈ Z such that q |
pn(a0). By Lemma 3.1, we may suppose q ‖ pn(a0). Let  = {a0,pn(a0)}p. If
Gpn(Q) is a subgroup, then there exist a, b ∈ Z with (a, b) = 1 such that  =
{ a
b
,pn( ab )}. Let l = p be a prime factor of pn(a, b). We claim that p | j =
vl(pn(a, b). If p  j , then we have
l
{a
b
,pn
(a
b
)}pn−1 ≡ 1 (mod l), (*)
where  = (l ) is the Tate isomorphism:
K2Q {±1} ⊕ (Z/3Z)∗ ⊕ (Z/5Z)∗ ⊕ ...⊕ (Z/lZ)∗ ⊕ ....
In fact, if (*) does not hold, then
l
{a
b
,pn
(a
b
)}pn−1 = (a
b
)jpn−1 ≡ 1 (mod l).
It is easy to see that ( a
b
)p
n ≡ 1 (mod l). Since (p, j) = 1, we see that ( a
b
)p
n−1 ≡
1 (mod l), i.e., apn−1 ≡ bpn−1 (mod l). Then
pn(a, b) = p(apn−1 , bpn−1) ≡ papn−pn−1 (mod l),
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which contradicts l | pn(a, b). So (*) holds if p  j . But
l
{a
b
,pn
(a
b
)}pn−1 = l {a0,pn(a0)}pn ≡ 1 (mod l),
which contradicts (*). So we obtain p | vl(pn(a, b)).
For prime q, if vq( ab ) = 0, then
q{a0,pn(a0)}p = q
{a
b
,pn
(a
b
)}
≡ 1 (mod q).
So
a
p
0 ≡ q{a0,pn(a0)}p ≡ 1 (mod q),
which contradicts Lemma 2.4. Hence vq( ab ) = 0.
If q pn(a, b), then
q{a0,pn(a0)}p = q
{a
b
,pn
(a
b
)}
≡ 1 (mod q),
again a contradiction. So for prime q, we have p | vq(pn(a, b)) > 0. From above and
Lemma 2.1, we conclude that a, b must satisfy one of the following equations:
pn(a, b) = zp · qp,
pn(a, b) = p · zp · qp.
This completes the proof. 
Now the theorem follows from Lemmas 3.3 and 3.4.
Lemma 3.3. Let p5 be a prime. Suppose that p h(Q(p)). Then Eq. (3.1) has no
solution with a, b, z ∈ Z, (a, b) = 1 and p  z.
Proof. Suppose (3.1) has a solution a, b, z ∈ Z with that (a, b) = 1, p  z. From Lemma
2.1, a ≡ b (mod p), so the ideals (ap−bpip), i = 1, 2, . . . , p−1, are pairwise relatively
prime. It follows from the equation
p−1∏
i=1
(ap − bpip) = (zp)(qp)
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that (ap−bppi ) = Api for some ideal Ai . Since p hp, the ideal Ai must be principal,
say Ai = (i ), so
ap − bpip = pi i ,
where i is a unit. Let i = 1. We may write 1 = rp with  a real unit. From Lemma
2.3, p1 ≡ (rational integer x) (mod p), so
ap − bpp ≡ rp ·  · x (mod p).
We also have
ap − bp−1p ≡ −rp ·  · x (mod p),
so −rp (ap − bpp) ≡ rp(ap − bp−1p ) (mod p), i.e., ap − bpp − ap2rp + 2r−1p bp ≡
0 (mod p). If 1, p, 2rp , 
2r−1
p are distinct, since p5, p divides a and b, a contradiction.
On the other hand, 1 = p, 2rp = 2r−1p , so we have three cases:
(i) 1 = 2rp , then b ≡ 0 (mod p);
(ii)  = 2r−1p , then a ≡ 0 (mod p);
(iii) 1 = 2r−1p , then a + b ≡ 0 (mod p).
Case (i):
ap − bpp = p1 1, p | b,
then ap ≡ p1 ·1 (mod p), so 1 ≡ rational integer (mod p). From Lemma 2.2, 1 = p,
so
ap − bpp = p. (3.3)
Consider the ﬁeld extension Q(p2)/Q(p). Let N denote the norm from Q(p2) to
Q(p). From (3.3), N(a−bp2) = N(), so N((a−bp2)/) = 1. By Hilbert’s Theorem
90, there exists  ∈ Q(p2), such that (a− bp2)/ = /, where  is a generator of
the Galois group Gal(Q(p2/Q(p)). So  = (a − bp2) · /.
Again from (3.3):
ap − bpp = (a − bp2)p · p/(p). (3.4)
206 Q. Zhu / Journal of Number Theory 113 (2005) 201–207
Since q ≡ 1 (mod p2), q splits completely in Q(p2) and in Q(p). Let q1, . . . , qp−1
be the primes of Q(p) above q. Then there is exactly one prime, prime q1, that divides
ap − bpp. Similarly if we let Q1, . . . ,Qp be the primes of Q(p2) above q1, then
there is exactly one prime, prime 1, that divides a− bp2 . For simplicity of notation,
we assume that qp ‖ p(ap, bp). Consider (3.4) as an equality of ideals in Q(p2).
We have
(Q1 · · ·Qp) · (other primes) = Qp1 · (p)/(p) · (other primes),
which is impossible.
Case (ii): Is similar to the case (i).
Case (iii): In this case we have a + b ≡ 0 (mod p), and
ap − bpp = ap + bp − bp(1+ p) ≡ −bp(1+ p) (mod p),
so (1 + p)−1 · 1 ≡ rational integer (mod p). Since (1 + p) is a unit, from Lemma
2.2, (1+ p)−11 = p, so ap − bpp = (1+ p) · p (note that N(1+ p2) = 1+ p),
Using the above method again, we could get a contradiction. 
Lemma 3.4. Let p5 be a prime. Suppose that p hp. Then Eq. (3.2) has no solution
with a, b, z ∈ Z, (a, b) = 1 and p  z.
Proof. Suppose Eq. (3.2) has a solution. Then
p−1∏
i=1
(ap − bpip) = pqpzp.
From Lemma 2.1, a ≡ b (mod p), so (1− ip) | (ap − bpip). We get
∏(ap − bpip
1− ip
)
= (qp)(z)p.
Since
(
ap−bpip
1−ip
)
are pairwise relatively prime and p hp, we have
ap − bpip
1− ip
= pi · i .
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Take i = 1, and omit scripts. Since ap − bpp = (1 − p)bp + (ap − bp), it follows
that
ap − bpp
1− p = b
p + (a
p − bp)
1− p .
Since a ≡ b (mod p), one can easily check that ap − bp ≡ 0 (mod p2), so
ap − bpp
1− p ≡ b
p (mod p).
But then 1 ≡ rational integer (mod p), so 1 is a pth power, therefore we have
ap−bpp
1−p = p. Using the method of Lemma 3.4 again, we could get a
contradiction. 
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